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Abstract

We study a partial-information online-learning prob-
lem where actions are restricted to noisy compar-
isons between pairs of strategies (also known as
bandits). In contrast to conventional approaches
that require the absolute reward of the chosen strat-
egy to be quantifiable and observable, our setting
assumes only that (noisy) binary feedback about
the relative reward of two chosen strategies is avail-
able. This type of relative feedback is particularly
appropriate in applications where absolute rewards
have no natural scale or are difficult to measure
(e.g., user-perceived quality of a set of retrieval
results, taste of food, product attractiveness), but
where pairwise comparisons are easy to make. We
propose a novel regret formulation in this setting,
as well as present an algorithm that achieves (al-
most) information-theoretically optimal regret bounds
(up to a constant factor).
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user behavior. For example, to elicit whether a search-engine
user prefers ranking, overr, for a given query, Radlinski et
al. [RKJO08] showed how to present an interleaved ranking of
r1 andr, so that clicks indicate which of the two is preferred
by the user. This ready availability of pairwise comparison
feedback in applications where absolute payoffs are difficult
to observe motivates our learning framework.

Given a collection of< bandits (e.g., retrieval functions),
we wish to find a sequence of noisy comparisons that has low
regret. We call this thé{-armed Dueling Bandits Problem
which can also be viewed as a regret-minimization version
of the classical problem of finding the maximum element of
a set using noisy comparisons [FRPU94]. A canonical appli-
cation example is an intranet-search system that is installed
for a new customer. Among built-in retrieval functions,
the search engine needs to select the one that provides the
best results on this collection, with pairwise feedback com-
ing from clicks in the interleaved rankings [RKJO8]. Since
the search engine incurs regret whenever it presents the re-
sults from a suboptimal retrieval function, it aims to identify
suboptimal retrieval functions as quickly as possible. More
generally, the Dueling Bandits Problem arises naturally in
many applications where a system must adapt interactively
to specific user bases, and where pairwise comparisons are

In partial information online learning problems (also known easier to elicit than absolute payoffs.

as bandit problems) [Rob52], an algorithm must choose, in

each ofT" consecutive iterations, one &f possible bandits
(strategies). For conventional bandit problems, in every iter- utility (or satisfaction), but utility is not directly quantifiable
ation, each bandit receives a real-valued payoftin], ini-
tially unkown to the algorithm. The algorithm then chooses is whether users, at each iteration, would have prefered an-
one bandit and receives (and thus observes) the associatedther bandit over the ones chosen by our algorithm. This
payoff. No other payoffs are observed. The goal then is to leads directly to our regret formulation (described in Section
maximize the total payoff (i.e., the sum of payoffs over all 3), which measures regret based on the (initially unknown)
iterations).

One important issue is formulating an appropriate no-
tion of regret. Since we are concerned with maximizing user

in our pairwise-comparison model, a natural question to ask

probability that the best bandit would win a comparison

The conventional setting assumes that observations perwith the chosen bandits at each iteration. One can alterna-

fectly reflect (or are unbiased estimates of) the received pay-tively view this as the fraction of users who would have pref-
offs. In many applications, however, such observations may eredb* over the bandits chosen by our algorithm.

be unavailable or unreliable. Consider, for example, appli-

Our solution follows an “explore then exploit” approach,

cations in sensory testing or information retrieval, where the where we will bound expected regret by the regret incurred
payoff is the goodness of taste or the user-perceived qualitywhile running the exploration algorithm. We will present

of a retrieval result. While it is difficult to elicit payoffs on

two exploration algorithms in Section 4, which we call Inter-

an absolute scale in such applications, one can reliably obtainleaved Filter 1 and Interleaved Filter 2. Interleaved Filter 1
relative judgments of payoff (i.e. “A tastes better than B”, or incurs regret that, with high probability, is within a logarith-
“ranking A is better than ranking B”). In fact, user behavior mic factor of the information-theoretic optimum. Interleaved
can often be modeled as maximizing payoff, so that such rel- Filter 2 uses an interesting extension to achieve expected
ative comparison statements can be derived from observablaegret that is within a constant factor of the information-



theoretic optimum. We will prove the matching lower bound
in Section 5.
An interesting feature of our Interleaved Filter algorithms

non-stochastic (adversarial) environment, and that there exist
partial monitoring problems for which this bound can not be
improved. Our dueling bandits problem is a special case of

is that, unlike previous search algorithms based on noisy the partial monitoring problem, our environment is stochas-

comparisons, e.g., [FRPU94], the number of experiments de-

voted to each bandit during the exploration phase is highly
non-uniform: of theK bandits, there is a small subset of
bandits O(log K') of them in expectation) who each partici-
pate inO(K') comparisons, while the remaining bandits only
participate inO(log K') comparisons in expectation. In Sec-
tion 5 we provide insight about why existing methods suffer
high regret in our setting. Thus, our results provide theoreti-
cal support for Langford’s observation [Lan08] about a qual-
itative difference between algorithms for supervised learning
and those for learning from partial observations: in the super-
vised setting, “holistic information is often better,” whereas
in the setting of partial observations it is often better to se-
lect a few points and observe them many times while giving
scant attention to other points.

2 Related Work

Regret-minimizing algorithms for multi-armed bandit prob-

lems and their generalizations have been intensively stud-

ied for many years, both in the stochastic [LR85] and non-

stochastic [ACBFS02] cases. The vast literature on this topic

includes algorithms whose regret is within a constant factor
of the information-theoretic lower bound in the stochastic
case [ACBF02] and within &(+/logn) factor of the best

such lower bound in the non-stochastic case [ACBFSO02].

Our use of upper confidence bounds in designing algorithms

for the dueling bandits problem is prefigured by their use
in the multi-armed bandit algorithms that appear in [Aue03,
ACBFO02, LR85].

Upper confidence bounds are also central to the design o
multi-armed bandit problems in the PAC setting [EDMMO6,
MTO04], where the algorithm'’s objective is to identify an arm
that isc-optimal with probability at least — 6. Our work
adopts a very different feedback model (pairwise compar-
isons rather than direct observation of payoffs) and a dif-
ferent objective (regret minimization rather than the PAC
objective) but there are clear similarities between our IF1
and IF2 algorithms and the Successive Elimination and Me-
dian Eliminiation algorithms developed for the PAC setting
in [EDMMOG6]. There are also some clear differences be-
tween the algorithms: these are discussed in Section 5.1.

The difficulty of the dueling bandits problem stems from
the fact that the algorithm has no way of directly observing
the costs of the actions it chooses. It is an examplepzira
tial monitoring problema class of regret-minimization prob-
lems defined in [CBLSO06], in which an algorithm (the “fore-

tic rather than adversarial, and thus our regret bound exhibits
much better (i.e., logarithmic) dependencelan

Banditized online learning problems based on absolute
rewards (of individual actions) have been previously studied
in the context of web advertising [PACJO07, LZ07]. In that
setting, clear explicit feedback is available in the form of
(expected) revenue. We study settings where such absolute
measures are unavailable or unreliable.

Our work is also closely related to the literature on com-
puting with noisy comparison operations [AGFB4, BOHO08,
FRPU94, KKO07], in particular the design of tournaments to
identify the maximum element in an ordered set, given ac-
cess to noisy comparators. All of these papers assume unit
cost per comparison, whereas we charge a different cost for
each comparison depending on the pair of elements being
compared. In the unit-cost-per-comparison model, and as-
suming that every comparison hagrobability of error re-
gardless of the pair of elements being compared, Feige et
al. [FRPU94] presented sequential and parallel algorithms
that achieve the information-theoretically optimal expected
cost (up to constant factors) for many basic problems such
as sorting, searching, and selecting the maximum. The up-
per bound for noisy binary search has been improved in a
very recent paper [BOHO08] that achieves the information-
theoretic optimum up to &+o(1) factor. When the probabil-
ity of error depends on the pair of elements being compared
(as in our dueling bandits problem), Adler et al. [AGH®4]
and Karp and Kleinberg [KKO7] present algorithms that achieve
the information-theoretic optimum (up to constant factors)

ffor the problem of selecting the maximum and for binary

search, respectively. Our results can be seen as extending
this line of work to the setting of regret minimization. It is
worth noting that the most efficient algorithms for selecting
the maximum in the model of noisy comparisons with unit
cost per comparison [AGHB94, FRPU94] are not suitable

in the regret minimization setting considered here, because
they devote undue effort to comparing elements that are far
from the maximum. This point is discussed further in Sec-
tion 5.1.

Yue and Joachims [YJO09] simultaneously studied a con-
tinuous version of the Dueling Bandits Problem, where ban-
dits (e.g., retrieval functions) are characterized using a com-
pact parameter space. For that setting, they proposed a gradi-
ent descent algorithm which achieves sublinear regret (with
respect to the time horizon). In many applications, it may be
infeasible or undesirable to interactively explore such a large

caster”) chooses actions and then observes feedback signafgPace of bandits. For instance, in intranet search one might
that depend on the actions chosen by the forecaster and by afeasonably “cover” the space of plausible retrieval functions

unseen opponent (the “environment”). This pair of actions

with a small number of hand-crafted retrieval functions. In

also determines a loss, which is not revealed to the forecasteuch cases, selecting the bestofvell-engineered solutions

but is used in defining the forecaster’s regret. Under the cru-

would be much more efficient than searching a possibly huge

cial assumption that the feedback matrix has high enoughspace of real-valued parameters.

rank that its row space spans the row space of the loss matrix

(which is required in order to allow for a Hannan consis-
tent forecaster) the results of [CBLS06] show that there is
a forecaster whose regret is bounded®g'?/?) against a

Learning based on pairwise comparisons is well studied
in the (off-line) supervised learning setting called learning
to rank. Typically, a preference function is first learned us-
ing a set of i.i.d. training examples, and subsequent pre-



dictions are made to minimize the number of mis-ranked
pairs (e.g., [CSS99]). Most prior work assume access to a
training set with absolute labels (e.g., of relevance or util-
ity) on individual examples, with pairwise preferences gen-
erated using inputs with labels from different ordinal classes
(e.g., [HGO99, FISS03, Joa05, BBB7, LS07, AMO08]).

In the case where there are exactly two label classes, this

becomes the so-called bipartite ranking problem [BBB,
AMO8], which is a more general version of learning to op-
timize ROC-Area [HGO99, Joa05, LS07]. All known prior

Algorithm 1 Explore Then Exploit Solution
CInput: T, B = {by,...,bx}, EXPLORE
. (b,T) — EXPLORE(T, B)
cfort=T+1,...,Tdo

compare) andb
end for

[EnY

This assumption provides a monotonicity constraint on pos-

work assume that the training data defines (or is used to gen-sible probability values.

erate) preferences between individual examples, rather than

between hypothesis functions (which is our setting).

3 The Dueling Bandits Problem

We propose a new online optimization problem, called the
K-armed Dueling Bandits Problem, where the goal is to find
the best amond< banditsB = {b;,...,bx}. Each itera-
tion comprises of a noisy comparison (a duel) between two
bandits (possibly the same bandit with itself). We assume
that the outcomes of these noisy comparisons are indepen
dent random variables and that the probabilityb @finning
a comparison with’ is stationary over time. We write this
probability asP(b > ') = e(b, V') + 1/2, wheree(b, V') €
(=1/2,1/2) is a measure of the distinguishability between
b andd’. We assume that there exists a total orderingson
such thath = o' impliese(b,b’) > 0. We will also use the
notatione; ; = €(b;, b;).

Let (b, b)) be the bandits chosen at iteratigrand let
b* be the overall best bandit. We defisigong regret based
on comparing the chosen bandits with

T
Rr =37 (6" b7) + e, 6))
t=1
whereT is the time horizon. We also defineeak regret,

(1)

T
Re =3 min{e(v*,b), (b, b§)}, @
t=1

which only compareb against the better &f” andb{"”. One

We also assumstochastic triangle inequality, which
requires any triplet of bandits > b; > by, to satisfy

(4)

Stochastic triangle inequality captures the condition that the
probability of a bandit winning (or losing) a comparison will
exhibit diminishing returns as it becomes increasingly supe-
rior (or inferior) to the competing bandit

We briefly describe two common generative models which
satisfy these two assumptions. The first is the logistic or
Bradley-Terry model, where each banigits assigned a pos-
itive real valuey;. Probabilistic comparisons are made using

2%
i + g
The second is a Gaussian model, where each bandit is associ-
ated with a random variabl&; that has a Gaussian distribu-

tion with mearnu; and variancd. Probabilistic comparisons
are made using

P(bi>bj):P(Xi7Xj>0),

€ik < €5+ €k

P(bi > bj) =

whereX; — X; ~ N(u; — pj,2). Itis straightforward to
check that both models satisfy strong stochastic transitivity
and stochastic triangle inequality.

4  Algorithm & Analysis

Our solution, which is described in Algorithm 1, follows an
explore then exploit approach. For a given time horiZon
and a set of< banditsB = {b1, ..., bk}, an exploration al-

can regard strong regret as the fraction of users who would9°rithm (denoted generically as EXPLORE) is used to find
have preferred the best bandit over the chosen ones in eaclhe best bandit*. EXPLORE returns both its solutiob
iterationt. (More precisely, it corresponds to the fraction as well as the total number of iteratiosfor which it ran

of users who prefer the best bandit to a uniformly-random (it is possible tha’ > 7). Should7' < T, we enter an
member of the pair of bandits chosen, in the case of strongexploit phase by repeatedly choositig”, b{") = (b, b),
regret, or to the better of the two bandits chosen, in the casewhich incurs no additional regret assuming EXPLORE cor-

_of Weak regret.) We will present algorithms which achieve rectly found the best bandib (= *). In the case where
identical regret bounds for both formulations (up to constant
factors) by assuming a property called stochastic triangle in-
equality, which is described in the next section.

T > T, then the regret incurred from running EXPLORE
still bounds our regret formulations (which only measure re-
gret up toT’), so our analysis in this section will still hold.

We will consider two versions of our proposed explo-
ration algorithm, which we call Interleaved Filter 1 (IF1) and
Interleaved Filter 2 (IF2). We will show that both algorithms
(which we refer to generically as IF) correctly return the best
bandit with probability at least — 1/7". Correspondingly, a
suboptimal bandit is returned with probability at magf’,

3.1 Assumptions

We impose additional structure to the probabilistic compar-
isons. First, we assunstrong stochastic transitivity, which
requires that any triplet of bandits >~ b; > b;, satisfies

3)

1In the search setting, users experience an interleaving, or mix-
ing, of results from both retrieval functions to be compared.

€,k > max{€; j, €k}

20ur analysis also applies for a relaxed version where <
v(€,; + €;,1) for finite y > 0.



in which case we assume maximal regf&f"). We canthus  Algorithm 2 Interleaved Filter 1 (IF1)
bound the expected regret by 1 Input: T, B = {b, ..., bk}

2: 0 — 1/(TK2)

E[Rr] < (1 - ;) E [RIF] + %O(T)

3: Choosé € B randomly
4: W —{by,....br} \ {b}
_ I1F ’ ’ ~ ~
=0 (B[R] +1) ®) 5: Vb € W, maintain estimaté’; , of P(b > b)
where R denotes the regret incurred from running Inter-  6: Vb € W, maintainl — § confidence interva(fjg , Of Pz; b
leaved Filter. Thus the regret bound depends entirely on the 7. \while 1 - ¢ do ’ ’
regret incurred by Interleaved Filter. 8 forbe W do
The two IF algorithms are described in Algorithm 2 and . compare andb
Algorithm 3, respectively. IF2 achieves an expected regret . . 5 A
9 P Y P greti0:  updates;,, C;,

bound which matches the information-theoretic lower bound

(up to constant factors) presented in Section 5, whereas IF1tL: enq for . A

matches with high probability the lower bound up to a log 12: While 3b € W's.t. (Pi),b >1/271/2 ¢ CE,b) do

factor. We first examine IF1 due to its ease of analysis. 13: W — W\ {b}

We then analyze IF2, which builds upon IF1 to achieve the 14: end while

information-theoretic optimum. R 15:  if 3y € W s.t. (PE y <1/271/2¢ (jg b,> then
In both versions, IF maintains a candidate bahdind _ L N 7

simulates simultaneously comparibgith all other remain- 16: bV, W W \{b }A finew round

ing bandits via round robin scheduling (i.e., interleaving). 17: vb € W, resetF; , andCj ,

Any bandit that is empirically inferior té with 1 — § con- 18: endif

fidence is removed (we will describe later how to chodse ~ 19: end while .

When some bandit’ is empirically superior td with 1 — § 20: T « Total Comparisons Made

confidence, the is removed and’ becomes the new can- 21 return(b, )

didateb < ¥'. IF2 contains an additional step where all em-

pirically inferior bandits (even if lacking — ¢ confidence) ) o
are removed (Ca”ed pruning —see lines 16-18 in A|gor|thm both IF1 and ”:2, we show that the mistake probablllty IS at
3). This process repeats until only one bandit remains. As- most1/T". We finally bound the matches played by IF1 and
suming IF has not made any mistakes, then it will return the IF2 to arrive at our final regret bounds.

best bandib = b*. _ , . 4.1 Confidence Intervals
Terminology. Interleaved Filter makes aristake” if it .

draws a false conclusion regarding a pair of bandits. A mis- N @match betweeiy andb;, IF maintains a numbef ;, the

take occurs when an inferior bandit is determined withs ~ empirical estimate of(b; - b;) aftert comparisons For

confidence to be the superior one. We call the additional stepease of notation, we drop the subscrifts b,), and useP,,

of IF2 (lines 16-18 in Algorithm 3) fruning”. We define a which emphasizes the dependence on the number of compar-

“match” to be all the comparisons Interleaved Filter makes isons. IF similarly maintains a confidence interval

between two bandits, and aound” to be all the matches Cr= (P — ey, B+ 1)

played by one candidate We always refer tdog  as the ¢ = W G B G

natural log,In 2, whenever the distinction is necessary. wherec; = +/log(1/6)/t. We justify the construction of
In our analysis, we assume WLOG that the bandit8in  these confidence intervals in the following lemma.

are sorted in preferential ordéy = ... = bx. Then for

T > K, we will show in Theorem 1 that running IF1 incurs,

with high probability, regret bounded by

1
RIFI— 0 <KlogK log T) . ] (62 log(TK)> .

€1,2 1)

Lemma 1. For 6 = 1/(TK?), the number of comparisons
in a match betweeb; andb; is with high probability at most

Note thate, s — P(b1 > bs) — 1/2 is the distinguishabil- Moreover, the winner is identified correctly with probability

ity between the two best bandits. Due to strong stochastic® leastl — 4, provideds € (0,1/2].
transitivity, e; o lower bounds the distinguishability between Proof. We first argue correctness. Fix the number of com-
the best bandit and any other bandit. We will also show in parisonst, and note thaE[Pt] = 1/2 + ¢ ;. This tells us

Theorem 2 that running IF2 incurs expected regret boundedp(l/Q teij ¢ ¢,) is bounded above by the probability that

by K P, deviates from its expected value by at leastAn ap-
E[RF?] =0 ( log T) , plication of Hoeffding’s inequality [Hoe63] shows that this
€1,2 probability is bounded above by
which matches the information-theoretic lower bound (up to 9 —9e2) = 9 —9210e(1/6)) < §
constant factors) described in Section 5. exp(=21c;) exp(~2log(1/9)) <
Analysis Approach. Our analysis follows three phases. %In other words,P; ; is the fraction of thesé comparisons in

We first bound the regret incurred for any match. Then for whichb, was the winner.



for 6 < 1/2. Thus for everyt, we know with confidence at
leastl — § that1/2 + ¢;; € C,. It follows from this fact

where (6) holds sinceg(TK) < log(T?) = 2logT. We
now bound the accumulated strong regret (1) by leveraging

and the stopping conditions of the match that the winner is stochastic triangle inequality. Each comparison ineurs+

correctly identified with probability at lea$t— §.

To bound the number of comparisomg a match, it suf-
fices to prove that for any > 1, there exists am depending
only ond such that

m
P >
(n 62

.7

10g(TK)> <K

for all K sufficiently large. Assume without loss of general-
ity thate; ; > 0, and define the eved = {P; — ¢, < 1/2}.
Note that&; is a hecessary condition for the match to con-
tinue aftert comparisons, so for anye N,

P(n>t) < P(&).

Form > 4 andt = [mlog(TK?)/e;;], we havec; <
€;.;/2. Applying Hoeffding's inequality for thig shows

P(&) PPy — (1/2+ ;) < i — €ij)
PE[P] — P, > € j — 1)
P(|P; —E[B]| > €,;/2)
Qexp(—tef’j/Q)
2 exp(—mlog(TK?))
2/(TK?*)™.

IN AN N

Takingm = max{4,d} proves the lemma for alll’ > 2.
O
4.2 Regret per Match

We now bound the accumulated regret of each match.

Lemma 2. Assuming; has not been removed afid> K,
then with high probability the accumulated weak regret and
also (assuming stochastic triangle inequality) strong regret
from any match is at most

@) (1 log T> .
€1,2

Proof. Suppose the candidate bandit= b; is playing a
match againgt;. Since all matches within a round are played
simultaneously, then by Lemma 1, any match played by
contains at most

1 1
€15 €1,2

comparisons, where the inequality follows from strong sto-
chastic transitivity. Note thahin{e¢; j,e1,;} < €1,;. Then
the accumulated weak regret (2) is bounded by

€1,;,0 (621 log(TK)> -0 <1 log(TK))

Ly €15

IN

o (1 log(TK))

€1,2

)

o (1 10gT>
€1,2

(6)

€1,; regret. We now consider three cases.
Case 1: Supposle > b;. Thene; ; +€1; < 2¢; 5, and
the accumulated strong regret of the match is bounded by

1
2, ;O (2 log(TK)) <0 (} 1og(TK))
€ . 1,2

1,3
Case 2: Suppodg > b; ande;; < €1 ;. Then

€15 ter; Sejte;te

< 31

and the accumulated strong regret is bounded by

36,0 (; log(TK)> = 0 (L 1og(TK))
| <0 (L 1og(TK))

€1,2

Case 3: Suppose > b; ande;; > € ;. Then we can
also use Lemma 1 to bound with high probability the number
of comparisons by

1
@) <€3 log(TK)> .

The accumulated strong regret is then bounded by

"7,

3¢;,,0 (; log(TK)> =0 (; log(TK))

<O (i 1og(TK))

<0 (L log(TK))

Like in the analysis for weak regret (6), we finally note that
1 1
@) ( 1og(TK)> =0 ( logT> .
€1,2 €1,2
O

In the next two sections, we will bound the mistake prob-
ability and total matches played by IF1 and IF2, respectively.
4.3 Regret Bound for Interleaved Filter 1
We first state our main regret bound for Interleaved Filter 1.
Theorem 1. Running Algorithm 1 wittB = {b1,...,bx},

time horizonT (T > K), and IF1 incurs expected regret
(both weak and strong) bounded by
log T) .

Klog K
€1,2
The proof follows immediately from combining Lemma
3, Lemma 5, Lemma 2 and (5). We begin by analyzing the
probability of IF1 making a mistake.

Bifr] < 0 (B[RF]) — 0



Lemma 3. For § < 1/(TK?), IF1 makes a mistake with
probability at mostl /T

Proof. By Lemma 1, the probability that IF1 makes a mis-
take in any given match is at most(7'K?). SinceK? is a
trivial upper bound on the number of matches, applying the
union bound over all matches proves the lemma. O

We assume for the remainder of this section that IF1 is
mistake-free, since the cost of making a mistake is consid-
ered in (5), and we are interested here in boundig’.

Random Walk Model. We can model the sequence of

candidate bandits as a random walk. Let each bandit be a

node on a graph, wher; (j > 1) transitions tob; for
1 < i < j with some probability. The best bandit is
an absorbing node. Due to strong stochastic transitivity, the
probability of b; transitioning tob; is at least the probabil-
ity of transitioning tob,, (for h > 7). We will consider the
worst case wherg; transitions to each dfy, ..., b;_; with
equal probability. We can thus bound the number of rounds
required by IF1 (and also IF2) by analyzing the length of a
random walk frombg to b,. We will prove that this random
walk requiresO(log K') steps with high probability.

Let X; (1 < i < K) be an indicator random variable
corresponding to whether a random walk startinggavisits
b; in the Random Walk Model.

Lemma 4. For X, as defined above with< 7 < K,

P(Xi=1)= 1,
(3
and furthermore, for allS C {X1,..., Xx_1},
P(s)= [] P(xv), (7)

X;es

meaningXy, ..., Xx_1 are mutually independent.

Proof. We can rewrite (7) as

P(s)= T P(xilsi,

X;es

whereS; = {X; € S|j > i}.

We first considerS = {X;,...,Xk_1}. For the factor
on X;, denote withj the smallest index ib; with X; =1
in the condition. Then

P(X; = 1 X415, Xk 1)
1
= P(Xl = 1|Xi+l = O,...,Xj_l = O,Xj = 1) = Z
since the walk moved to one of the firshodes with uni-
form probability independent of. SinceVj > i : P(X; =
11X; = 1) = 1, this impliesP(X; = 1) = 1. So we can
conclude
K-1
P(X;).
1

P(X1,..., Xk 1) =

i=
Now consider arbitrans. We use) _ .. to indicate sum-
ming over the joint states of al{; variables not inS. We

can writeP(S) as

P(S)=> P(Xy,..., Xk 1)
Sc

K—

>

S(;

[T Pxy)

X,es

IT Pexa).

X;€8

1P(Xi)

o

This proves mutual independence (7).

Z H P(X;)

Se X;eS8e

)

O

We can express the number of steps taken by a random
walk from by to b; in the Random Walk Model aSy
1+ 51 X,. Lemma 4 implies that

K—1
ElSk] =1+ Z EX;]=1+Hg_1 ~logK,

=1

where H; is the harmonic sum. We now show th&i
O(log K) with high probability.

Lemma 5. Assuming IF1 is mistake-free, then it runs for
O(log K) rounds with high probability.

Proof. Consider the Random Walk Model. It suffices to show
that for anyd > 1, there exists a depending only od such
that

VK >1: P(Sk>mlogK) <

Kd’
Using the Chernoff bound [MR95], we know that for any

m > 1,
<(
m—1

< (4

an
— (eK)m—l—mlogm

8)

e'm,—l

mm

1+Hg 1
P(Skg >m(l+ Hg_1)) )

) 1+log K

9)

(9) is true since
log K < Hix_1 <log K +1.155

for all K > 1 (where 1.155 is approximately twice Euler's
constant). We require this bound to be at mg&k?. Solv-

ing
(eK)mflfmlogm < de

yieldsm > e?. The Chernoff bound applies for af > 0.
So for anyd > 1, we can choose: = ¢? to satisfy (8). [



Algorithm 3 Interleaved Filter 2 (IF2) intervals (see Section 4.1), we know that

L Input: T, B={by,...,bx} )
. 2

2.6 —1/(TK?) Sij — LN nlog (), (10)
3: Choosé € B randomly 2 g

4 W {b,. . b b\ b} ) since that is the stopping condition for the round.

5: Vb € W, maintain estimaté’; , of P(b > b) Let A, ; . denote the event thaf is the bandit that de-
6: Vb € W, maintainl — § confidence intervat’; , of P, , featsb; in n comparisons, andl, - b;, but IF2 mistakenly
7. while W # 0 do ’ ' concludes; ~ bi. Then for anyby, it suffices to prove

8: forbeWdo

9: compareb angb P UAn.,i,k < 6.
10: updater ,, Cy , in
11:  end for Bv taking th ion bound h
12 while 3 € W sit. (P,; ,>1/201/2¢ c,;vb) do y taking the union bound, we have
13: W — W\ {b}
14:  end while PJAnix | <D P(Anin)
15 if 3 € W sit. (PB b <1/271/2¢ C; b,) then i
16: while 3b € W s.t. B, > 1/2 do =Y P(n,i)P(By,in,i)
17: W — W\ {b} [lpruning n,i
18: end while =E, ;[P(By,kn,)] (11)

19: b—bt/, W—W\{V} /newround

20: Vhe W, resetﬁ’l;’b andCl;’b whereP(n, i) is the joint probability that the round lasts for

n comparisons per match with winning the round.B,, ;

21:  end if denotes the event thamnditionedon n andb; winning, 1F2
22: end while , mistakenly concludes; > b,. We will show that for alln

23: T — Total Comparisons Made andb;, we can rejec,, ; , with confidencel — 4 and thus
24: return(b, 7)) can bound (11) by.

Suppose thaP(b; > b;) = «. Then undetB,, ; ;, we
know from strong stochastic transitivity th&t(b, > b;) >
n

4.4 Regret Bound for Interleaved Filter 2 g, ang'thergforé;(bj 2> bkﬂ)1 Slé—of ?dndE[Si,j‘FSj,k] <n.
We first state our main regret bound for Interleaved Filter 2. ombiningS; .. > n/2 with (10) yields

Theorem 2. Running Algorithm 1 wittB = {b1,...,bx}, S; i+ Sik—n>[nlog (1) (12)
time horizonT (T > K), and IF2 incurs expected regret R J
(both weak and strong) bounded by .
Then we can consider
K
E[Rr] < O (E [R{F? (9(1 T>. 1
[Fr] < ( [ T D €1,2 o8 P|S;;+Sjr—n>y/nlog (5) . (13)

The proof follows immediately from combining Lemma )
6, Lemma 7, Lemma 2 and (5). IF2 improves upon IF1 by We will analyze the worst case W_hé?(b[f >bp) =1—a.
removing all empirically inferior bandits whenever the can- Deviating from this worst case will only make Hoeffding’s

; ; ; ; ; inequality on (13) tighter. In this worst case, for amywe

date i defeated, nhich we cll pruning. We begin by ana- 5 ™30 g oeitang's meaaly
' [Hoe63], we have

Theorem 3. For 6 < 1/(TK?), when the incumbent bandit
b is defeated with — & confidence by some other banblit
then for all banditsy” found to be empirically inferior (but =9
lacking 1 — & confidence) td, we can conclude that’ is
superior tob” with 1 — § confidence.

P(Si,,j+Sj,k—n> nlog(%)) SexP{%i(l/‘”}

We can thus rejedB,, ; ;, with confidence at leadt—¢6. O

Lemma 6. For § < 1/(TK?), IF2 makes a mistake with

Proof. Suppose a round just ended, where the mcumbentprobability at most /T

candidateb = b; has been defeated thy. We treati as a
random variable, since any remaining bandit could, in princi- Proof. In roundr, suppose; is the incumbent, and suppose
ple, have defeatel. Suppose also that bandjt was found b; is not defeated. Then every match in this round is played to
empirically inferior tob; (but lackingl — § confidence). completion, so by Lemma 1, the probability that IF2 makes
Definen to be the number of comparisons made for each a mistake in any single match is at mag{(7’K?). An ap-
match in this round, and lef; ; denote the number of com-  plication of the union bound shows that IF2 makes a mis-
parisonsh; won versush,;. By definition of our confidence  take in this round with probability at mosy (7' K’). On the



other hand, suppose that in round; is defeated by,. In We can thus write (14) as
this case, IF2 makes a mistake only if it discards a bandit
when in factb; >~ b,. By Theorem 3, we know the prob-
ability of this event is bounded above iy (T K?), so the

K—-1 K—-1
> EA]+E[G,] <Y (1+Hgy — Hj) +2(K — 1)

probability that IF2 makes a mistake in this round is at most =" =1
1/(TK). Taking the union bound over all rounds proves the K=l 1
lemma. O = (]*1)3+3(K*1):(9(K)-

1

<

For the remainder of this section, we analyze the behav-

ior of IF2 when it is mistake-free. We will show that, in ex- N
pectation, IF2 play®(K) matches and thus incurs expected
regret bounded by 5 Lower Bounds
K We now show that the bound in Theorem 2 is information
o (612 log T> : theoretically optimal up to constant factors. The proof is
’ similar to the lower bound proof for the standard stochas-
Lemma 7. Assuming IF2 is mistake free, then it pla9éK) tic multi-armed bandit problem. However, since we make a
matches in expectation. number of assumptions not presentin the standard case (such

i ) as a total ordering oB), we present a simple self-contained
Proof. We leverage the Random Walk Model defined in Sec- |ower bound argument, rather than a reduction from the stan-
tion 4.3 in order to provide a worst case analysis. Bet  45/d case.

denote a random variable counting the number of matches
played byb; when it isnot the candidate (to avoid double- Theorem 4. Any algorithm¢ for the dueling bandits prob-
counting). We can writé3; as lem has

K
Bj=A; + Gy, R$:Q<GlogT>,

whereA; indicates the number of matches playedbggainst

N : | h = mi « P(b*,b).
b; for i > j (when the candidate was inferior ig), andG; wheree = ming.- P(b",5)

indicates the number of matches playedibyagainst; for The proof is motivated by Lemma 5 of [KNMS08]. Fix
i < j (when the candidate was superiortd. We canthus ¢ > 0 and define the following family of problem instances.
bound the expected number of matches played by Ininstancej;, letb; be the best bandit, and order the remain-
K1 K1 ing bandits by their indices. L&®(b; > by) = € whenever
11— , ‘ b; > by. Note that these are valid problem instances, i.e. they
; E(B;] ; E[4;] + E[G;] (14) satisfy (3), (4), and the assumptions in Section 3.

Let ¢; be the distribution orf"-step histories induced by
By Lemma 4, we can writ&[A;] as instanceq;. Let n; + be the number of matches involving
o1 banditb; scheduled by up to timeT". Using these instances,
1 we will prove a lemma from which Theorem 4 will follow.
E[4j]=1+ Y ==1+Hx 1—H,,
=41 " Lemma 8. Let ¢ be an algorithm for the dueling bandits

whereH; is the harmonic sum. problem such that .
We now analyzéE[G,]. We assume the worst case that Ry = o(T*)
E[G] does not lose a match (with— § confidence) to any  for all @ > 0. Then for allj,
superior candidaté; before the match concludes; (s de-
feated) unless; = b;. We can thus boun®[G;] using the Eq, [n;7] = Q log T
probability thatb; is pruned at the conclusion of each round. ol e )
Let &; ; denote the event tha} is pruned after theth round o )
in which the candidate bandit is superioritg conditioned ~ Proof. Fix j # 1 and0 < a < 1/2. Define the evenf; =
on not being pruned in the firgt— 1 such rounds. Define  {n;r <log(T)/e*}. If ¢1(&;) < 1/3,then
G; . to indicate the number of matches beyond the firstl

played byb; against a superior candidate, conditioned on E, i) > ¢ (£$)(log(T)/€%) = Q (logT) .
playing at least — 1 such matches. We can wrig{G; ;] as ’ ! €

E[G;] = 14 P(&)E[Gj11], So suppose now that (£;) > 1/3. Under g;, the algo-
and thus rithm incurs regret for every comparison involving a bandit

b # b;. This fact together with the assumption erimply
E[G;] <E[G;1] < 1+ P(&)E[G; ). (15) thatE, [T — n; 7] = o(T®). Using this fact and Markov’s
' inequality, we have
We know thatP(€5,) < 1/2 forall j # 1 andt. From

— 2
Lemma 5, we know thaE[G; ;] < O(K log K) and is thus (&) = T —njr>T —log(T)/e’})
finite. Hence, we can bound (15) by the infinite geometric E, [T —njr] a1
seriesl +1/2+1/4+...=2. — T —log(T)/e? = of )-



In [KKO7], Karp and Kleinberg prove that for any evefit This discussion also sheds light on the reasons our al-

and distribution®, ¢ with p(€£) > 1/3 andq(&) < 1/3, gorithms for the dueling bandits problem differ from algo-
rithms that achieve optimal or near-optimal sample complex-
KL(p; q) > lln < 1 ) _ }. ity bounds for multi-armed bandit problems in the PAC set-
T3 3q(€) e ting [EDMMO06]. As mentioned in Section 2, there are strik-
. . . ing similarities between our IF1 algorithm and the Succes-
Applying this lemma with the everdt;, we have sive Elimination algorithm from [EDMMO6] as well as sim-
1 1 1 ilarities between our IF2 algorithm and the Median Elimi-
KL(q1;9;) > -In <a_1> - = nation algorithm from [EDMMO06]. However, as explained
3 o(T~1) € in the preceding paragraph, in our setting all of the highly
= QlogT) (16) suboptimal arms (those contributing significantly more than

) ) € regret per sample) must be eliminated quickly (before sam-
On the other hand, by the chain rule for KL divergence [CT99]=pIing more thare—2 times). In the Successive/Median Elim-

we have ination algorithms, every arm is sampled at least times.
. — ) The need to eliminate highly suboptimal arms quickly is spe-
KL ) = E | KL(1/2 1/2 — o oY .
(01345 qlz[nJ’T] (1/2+€1/2=¢) cific to the regret minimization setting and exerts a strong
< 16€°Eq, [n;,7] 17) influence on the design of the algorithm; in particular, it mo-

tivates the interleaved structure as explained above. This de-
sign choice prompts another feature of our algorithms that

. distinguishes them from the Successive/Median Elimination
Procg‘ odetheoreg? 4Let|¢ 2e any ?Igotr}thmﬂl:orrfhe ?#elT algorithms, namely the choice of an “incumbent” arm in each
Ir}gL an ISBp{ﬁ tehm. © hoelﬁ nto_ .S?I Is%the ypo estlhs phase that participates in many more samples than the other
orLemma s, the theorém holas trvially. erwise, onthe arms. The algorithms for the PAC setting [EDMMO06] dis-

problem instance specified hy, ¢ incurs regret at least tribute the sampling load evenly among all arms participat-
every time it plays a match involving; # b;. It follows ing in a phase Ping y 9 P P

from Lemma 8 that

Combining (16) and (17) proves the lemma. O

R(Yb“ 2 Z €Eq, [n]'-,T] =0

K 6 Conclusion
—logT ).
i1 ‘

We have proposed a novel framework for partial informa-
tion online learning in which feedback is derived from pair-
wise comparisons, rather than absolute measures of utility.
We have defined a natural notion of regret for this problem,
. o i ) o and designed algorithms that are information theoretically
Algorithms for finding maximal elements in a noisy informa-  gptimal for this performance measure. Our results extend
tion model are discussed in [FRPU94]. That paper describesprevious work on computing in noisy information models,
a tournament-style algorithm that returns the beskoél-  and is motivated by practical considerations from informa-
ements with probabilityl — ¢ in O(K log(1/d)/e*) com-  tjon retrieval applications. Future directions include finding
parisons, where is the minimum margin of victory of one  other reasonable notions of regret in this framework (e.g.,
element over an inferior one. This is achieved by arranging via contextualization [LZ07]), and designing algorithms that

the elements in a binary tree and running a series of mini- achieve low-regret when the set of bandits is very large (a
tournaments, in which a parent and its two children compete special case of this is addressed in [YJ09]).

until a winner can be identified with high confidence. Win-

ning nodes are promoted to the parent position, and lower
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